Using coherent and squeezed state formalisms of quantum optics for a minimally coupled non-classical inflaton in the FRW mertic is studied, in semiclassical theory of gravity. The leading order solution for the semiclassical Einstein equations in the coherent, squeezed and squeezed vacuum states are obtained perturbatively and are exhibit powerlaw expansion behaviour. The validity of the semiclassical theory is examined in the squeezed vacuum state in the oscillatory phase of the inflaton. The semiclassical theory in the oscillatory phase of the non-classical inflaton holds only if the associated squeezing parameter is much less compared to unity. Quantum fluctuations of the inflaton is also examined in coherent and squeezed state formalisms.
Introduction
In standard cosmology, description of early universe is based on the Friedmann equations with scalar field(s). The Friedmann equations are based on classical gravity and assume that it valid even at very early stage of the universe also. However, quantum effects and quantum fluctuations of matter fields are expected to play a significant role in this regime, though quantum gravity effects are still negligible. To describe very early universe both gravity and matter fields are to be treated quantum mechanically, but at present there is no consistent quantum theory to describe gravity. Therefore, proper description of early universe with an appropriate cosmological model can be studied in terms of the semiclassical Friedmann equations, where gravity can be treated as classical with quantised matter field(s).
Recently, it has been found that non-classical state formalisms of quantum optics are found quite useful to deal with quantum effects in cosmology. The inflationary scenario has received much attention in semiclassical theory of gravity [1] [5] . There are works in which quantum properties of the inflaton, which is responsible for the inflation, were investigated by many authors [6] [15] . Such studies show that results obtained in classical gravity are quite different from those in semiclasical gravity. Though both classical and quantum inflaton in the oscillatory phase lead the same power law expansion, the correction to expansion does not show any oscillatory behaviour in semiclassical gravity in contrast to the oscillatory behaviour seen in classical gravity. It is to be noted that, the coherently oscillating inflaton suffers from particle production. Such studies reveal that quantum effects and quantum phenomena play an important role in inflation scenario and related issues.
Recently, we have studied [16] particle production during the oscillatory phase of the inflaton in squeezed and coherent state formalisms of quatum optics, in semiclassical theory of gravity. It is also interesting to study the validity of the semiclassical Einstein equation in the oscillatory phase of inflaton, because of quantum nature of the particle creation which may fluctuates the corresponding energy density so widely. It is noted that the semiclassical theory of the Einstein's equations are valid only if the fluctuations of energy momentum tensor are not too large. The present work is to study the validity of the semiclassical Einstein equation in squeezed vacuum state during the oscillatory phase of inflaton. The validity of the equation can be studied with the help of the fluctuations of energy momentum tensor of the quantised inflaton.
The primary goal of the paper is to study quantum fluctuations and density fluctuations of a massive, minimal inflaton in the FRW universe in the semiclassical gravity by representing the inflaton in squeezed vacuum in the oscillatory phase of the inflaton. Hence to examine the validity of the Einstein equation in the oscillatory phase of the inflaton. Also we examine whether the solutions of the semiclassical equation, in the oscillatory phase of inflaton in coherent state, squeezed vacuum state and squeezed state, can lead to powerlaw expansion behaviour.
Semiclassical Einstein equation and inflaton in FRW metric
Most of the cosmological models are based on the classical gravity of Einstein equations with scalar field on the FRW metric. To study scalar field and the corresponding Friedmann equations at a deeper level, both background metric and the field are to be treated quantum mechanically. Since a consistent quantum theory of gravity is not available, in most of the cosmological models, the back ground metric is considered as classical (not quantised) and matter field as quantum. Such an approximation of the Einstein equation is known as semiclassical Einstein equation [17] . Therefore, in a semiclassical theory of gravity, Einstein equations take the following form (here onwards we use the unit system = c = 1 and G = 1 m 2 p ):
Here, G µν is the Einstein tensor and T µν is the expectation value of the energy-momentum tensor for matter field in a suitable quantum state under consideration with the quantum state satisfying the Schrödinger equation:
| ψ denotes a quantum state andĤ is the Hamiltonian operator governing the quantum state. The semiclassical theory of gravity provides a description of the gravitational field of quantum systems with the expectation value of energy-momentum tensor as the source of gravity. Consider a flat Friedmann-Robertson-Walker spacetime
Assume that a massive inflaton (a homogeneous scalar field) field, minimally coupled with gravity and its Lagrangian density can be written as
The equation of motion of the inflaton is governed by the Klein-Gordon equation and can be written by using eqns (3) and (4) asφ
where overdot represents a derivative with respect to time. The inflaton field can be quantised by defining momentum conjugate to φ as π =
∂L ∂φ
and following the canonical quantisation procedure, the Hamiltonian for inflaton can be written as
Therefore, the temporal component of the energy-momentum tensor for the inflaton is obtained as
3 Coherent states and squeezed states
Coherent and squeezed states [18] [20]are important classes of quantum states, well-known in quantum optics. These states are being used as probes for studying the quantum effects in cosmology. Coherent states are considered as most classical, that can be generated from the vacuum state | 0 by the action of displacement operator. In the present study, we use single mode coherent and squeezed states only. A single mode coherent state can be defined as
where D(α) is the single mode displacement operator, given by
Here, α is a complex number and a, a † are respectively the annihilation and creation operators, satisfying [a, a † ] = 1. The action of a on the coherent state gives
The single mode displacement operator given by (9) satisfy the following property.
A squeezed state is generated by the action of the squeezing operator on any coherent state is also on the vacuum state. Therefore, a single mode squeezed state is defined as
with Z(r, ϕ), the single mode squeezing operator given by,
Here, r is the squeezing parameter, which determines the strength of the squeezing and ϕ is the squeezing angle, which determines the distribution between conjugate variables, with 0 ≤ r ≤ ∞ and −π ≤ ϕ ≤ π. The squeezing operator satisfy the following property
By setting α=0 in (12), one obtains the squeezed vacuum state, and is defined as
The squeezed vacuum state is a many-particle state and hence the resulting field may be called classical. However, the statistical properties of these states greatly differ from the coherent states and therefore, it is considered as highly non-classical having no analog in classical physics. In the case of coherent states, the variance of the conjugate variables are always equal to each other, while in a squeezed state one component of the noise is always squeezed with respect to the other. Therefore, in (x,p) plane, the noise for the coherent state can be described by a circle and for the squeezed state, it as an ellipse.
Oscillatory phase of inflaton and power law expansion
In this section, we consider a massive inflaton minimally coupled to a spatially flat FRW metric and study inflaton in nonclassical states. First, we consider the inflaton in a nonclassical state which is closest to the classical state i.e., the coherent states and then extend it to the squeezed state representation of the inflaton.
As mentioned earlier, we consider a massive inflaton, minimally coupled to a spatially flat FRW universe with the metric (3). Therefore, the time-time component of the classical gravity is now the classical Einstein equation Ṡ
where T 00 is the energy density of the inflaton, given by (7). In the cosmological context, the classical Einstein equation (16) means that the Hubble parameter, H =Ṡ S , is determined by the energy density of the dynamically evolving inflaton as described by (16) . In the semiclassical theory, the Friedmann equation can be written as:
where Ĥ m represent the expectation value of the Hamiltonian of the scalar field in a quantum state under consideration. The massive minimal inflaton in the flat FRW universe can be described by the time dependent harmonic oscillator with the Hamiltonian given by eq (6) . For the semiclassical Friedmann equation (17) , we have to find the expectation value of the Hamiltonian in a given quantum state. Then the eigenstates of the Hamiltonian are the Fock states:
where a and a † are the annihilation and creation operators obeying boson commutation relations [a, a † ] = 1, the other combinations being zero. These can respectively be written as:
The expectation value of the Hamiltonian can be calculated in the number state by using (17), (18) and (19) and hence, the semiclassical Friedmann equation (17), in the number state, can be written as Ṡ (t)
In (20), φ and φ * satisfy (5) and the Wronskian condition
The Wronskian and the boundary conditions, fix the normalisation constants of the two independent solutions.
As an alternative to the n representation of the inflaton, we next consider the inflaton in the coherent and the squeezed states formalisms and hence the semiclassical Einstein equation can be expressed in terms of their respective parameters.
Using (8) (9) (10) (11) , (17) and (19) the semiclassical Einstein equation can be written for the coherent state as
By using (12) (13) (14) , (17) and (19) , the semiclassical equation for the squeezed vacuum state is obtained as
Similarly, the semiclassical equation for a squeezed state is obtained as
Our next task is to solve these semiclassical Einstein equations for which we transform the solution in the following form
thereby obtainingψ
Now we focus on the oscillatory phase of the inflaton after inflation. In the parameter region satisfying the inequality
the inflaton has an oscillatory solution of the form
with
Using (25), (28) and (29) in (20), we get
Therefore
We solve (31) using the following approximation ansatzs
Thus the next order perturbative solution is obtained for the number state as
Similarly the perturbative solution for the coherent state can be computed and hence the scale factor for the coherent state is obtained as
Applying the approximation ansatzs (32), then the next order perturbative solutions for the coherent state is obtained as
Using α = e iθ α, we get
Using the approximation ansatzs (32) and the next order perturbative solution for the squeezed vacuum state becomes,
Similarly, we get the next order perturbative solution for the squeezed state as
From (36), (37) Therefore, in the oscillating phase of the inflaton in coherent, squeezed vacuum and squeezed states, the approximate leading solution to the semiclassical Einstein equation has the same powerlaw expansion.
Density fluctuations and validity of semiclassical theory
The semiclassical theory of gravity valid only if the fluctuations in the energy momentum tensor are not large. Thus the validity of the semiclassical theory can be studied with the help of the energy momentum tensor of the inflaton in a suitable quantum states under the consideration. We examine the validity of the Einstein equation in squeezed vacuum state which is purely exhibit quatum features. The checking of the validity of the Einstein equation can be done with the help a quantity defined below in terms of the energy momentum tensor as
Where : T 2 µν : is the expectation value of the squared energy momentum tensor of a scalar field in a suitable quatum state and : T µν :
2 is its square of the expectation value. The meaning of :
: is that the expectation values are to be computed with respect to the normal ordering of the scalar field. If the ∆ is more than one then the corresponding semiclassical Einstein equation does not hold in that particular quantum state. For the sake of simplicity of the study, we focus on the temporal component of the energy momentum tensor with single mode of the inflaton and investigate the validity of the semiclassical theory in squeezed vacuum state. Thus we need consider only the density fluctuations which can be written in squeezed vacuum state as
The first term of eqn(40) can be obtained by squaring eq (7) and taking the expectation value in squeezed vacuum state as <: T 
Using the eqns (14), (15) 
By calculating the expectation value of normal ordered time-time component of energy momentum tensor of the inflaton in squeezed vacuum state and then square the result which leads to 
Substituting equations (46) and (48) 
In order to examine the validity of the semiclassical equation, we study ∆ svs numerically with the associated squeezing parameter values which are much smaller and larger compared to unity and corresponding results are tabulated in Table I .
In the large squeezing limit compared to much smaller value of the squeezing parameter, the equation (49) 
From these analysis, it is clear that the semiclassical Einstein equation in the oscillatory phase of the non-classical inflaton in squeezed vacuum state formalism is valid only provided the corresponding squeezing parameter is much smaller compared to unity. The density fluctuations arise because of the particle creation due to the quantum nature of the squeezed vacuum state during the oscillatory phase of the inflaton, in the semiclassical gravity. 
Quantum fluctuations
In this section we discuss quantum fluctuations for the coherently oscillating inflaton in semiclassical theory of gravity. The quantum fluctuations in coherent and squeezed states representation of the inflaton can be studied by using dispersion relations of φ and π, which are, respectively, given by
and
Here, φ 2 , π 2 , φ and π are respectively the squared expectation values and expectation values of φ and π in a given quantum state under consideration.
First, we consider quantum fluctuations of inflaton in coherent state. Using (8) (9) (10) (11) and (19) , it follows that (∆φ) cs = φ * φ,
Using eqns( 27) and (28) in the equations(53) and (54) respectively and then applying the approximation ansatz (32) we get the dispersion relations in coherent state as
In the limit mt >> 1, the above two expressions gives the dispersion relation in coherent states as
The dispersion relations in squeezed vacuum state can be calculated by the same procedure and is obtained in the limit mt >> 1, as (∆φ) svs (∆π) svs = 1 2m 2 sinh 2 r + 1 + 2 sinh r cosh r cos(ϕ − 2mt)
Similarly for the squeezed state, we get (∆φ) ss (∆π) ss = 1 2m 2 sinh 2 r + 1 + 2 sinh r cosh r cos(ϕ − 2mt)
Discussions and Conclusions
Quantum effects of matter field can play a significant role in the early universe. In order to study quantum effects in an early universe scenario, both background metric and matter field under consideration are to be treated quantum mechanically. Although, there are have been attempts to formulate the quantum theory of gravity, still we do not have a consistent quantum theory of gravity. Therefore appropriate conditions, quantum effects in various cosmological problems can be studied in a semiclassical approach. In this approach, the background metric is treated as classical and the matter field as quantum mechanical. In the present work, we studied a homogeneous massive scalar field minimally coupled to the Friedmann-Robertson-Walker universe in the context of semiclassical theory of gravity. The quantum effect of the scalar field is studied by representing the inflaton in various nonclassical states, such as coherent and squeezed states. We particularly addressed the oscillatory phase of the inflaton after inflation in coherent and squeezed states formalisms. Approximate leading solutions to the Einstein equation, in coherent and squeezed state formalisms are obtained perturbatively. It is found that the solution for coherent state depends on the coherent state parameter and its phase factor, while the solution for squeezed states, depends on the associated squeezing parameter and squeezing angle. It can be concluded that in the oscillatory phase of the inflaton, in coherent and squeezed state representations, the approximate leading solution to the semiclassical Einstein equation has the same power-law expansion, as the classical Einstein equation. However, in the coherent and squeezed states formalisms, the correction terms do not oscillate in contrast with the classical gravity.
We studied the quantum fluctuations due to the coherently oscillating inflaton after the inflation in coherent state and squeezed state formalisms, in the frame work of semiclassical theory of gravity. The quantum fluctuations of the inflaton studied in terms of dispersion relations of φ and π and the study of the coherent state shows that the dispersion relations of the inflaton is inversely proportional to t. Also the study reveals that the uncertainty relation for coherent state does not depend on the coherent state parameter. While the uncertainty relation calculated for squeezed vacuum state shows that the relation depends on the associated squeezing parameter and the squeezing angle.
We studied density fluctuations in squeezed vacuum state formalism. It is found the analytical result for density fluctuations and hence examined the validity of the semiclassical Einstein equation. The validity of the semiclassical Einstein equation is studied in terms of the energy density of the inflaton field in the oscillating phase of inflaton. It is observed that the semiclassical equation hold only when the associated squeezing parameter is much less than one otherwise the density fluctuates so widely because of the particle creation due to the quantum nature of the squeezed vacuum state during the oscillatory phase of the inflaton.
